The dynamics of a membrane coupled to an active fluid on top of a substrate is considered theoretically. It is assumed that the director field of the active fluid has rotational symmetry in the membrane plane. This situation is likely to be relevant for in vitro reconstructed actomyosinmembrane system. Different from a membrane coupled to a polar active fluid, this model predicts that only when the viscosity of the fluid above the membrane is sufficiently large, a contractile active fluid is able to slow down the relaxation of the membrane for perturbations with wavelength comparable to the thickness of the active fluid. Hence our model predicts a finite-wavelength instability in the limit of strong contractility, which is different from a membrane coupled to a polar active fluid. On the other hand, a membrane coupled to an extensile active fluid is always unstable against long wavelength perturbations due to splay induced flows.
I. INTRODUCTION
Investigating the dynamics of membranes is important both in the advance of cell biophysics [1, 2] and soft condensed matter physics [3] . An interesting example that bridges the equilibrium soft matter, nonequilibrium active matter, and biophysics, is the flickering phenomena of red blood cells. It was found that the fluctuation power spectrum of the membrane depends on the viscosity of the solvent [4] , and the fluctuation-dissipation relation is violated due to active processes in the red blood cells [5, 6] . Membranes that contain active inclusions are also nonequilibrium soft matter. A membrane containing active pumps have fluctuation power spectrum that depends on the active force dipoles exerted by the pumps [7] , and instabilities can occur when the membrane curvature enhances the activities of the pumps [8] . Furthermore, it has been predicted that finite size domain can be induced due to the active conformational transitions of the inclusions [9, 10] .
In red blood cells, cell membranes are coupled to a relatively regular spectrin network [1] .
In most biological cells, on the other hand, the cell membranes are coupled to the actomyosin cytoskeleton [2] , in which actin filaments are densely cross-linked and myosin motors exert contractile stress [11] . The spatial organization of actin filaments and the way that contractile stress is coupled to the membranes are different from red blood cells and membranes containing active inclusions. To study how membrane dynamics are influenced by the out-of-equilibrium cytoskeleton, we propose in this article a minimal model in which the membrane is in contact with a passive simple fluid on one side, whereas the other side is filled with an active fluid on a solid substrate. The direction of contractile stress is dictated by the orientation of the actin filaments which we assume to be distributed isotropically in the plane that is parallel to the membrane. Thus our model describes a fluid membrane on top of an active fluid which could be reconstructed in vitro [12] , or seen in vivo but away from the relatively highly polarized lamellipodium. The generality of this model also allows it to describe the surface dynamics of a fluid containing either contractile or extensile nonswimming rod-shaped active particles on a solid substrate [13] . However, it is important to notice that the system under consideration in our model is slightly different from previous studies of the dynamics for active fluid thin film [14, 15] . In [14, 15] , active particles with polar order were considered and the focus was the coupling effect between membrane dynamics to the director fluctuations in the membrane plane.
The main result of our calculation shows that, for contractile active fluids, active stress generally helps to stabilize a perturbed membrane. However, when the passive fluid is sufficiently viscous, the contractility in the active fluid can slow down perturbations with wavelengths comparable to the thickness of the active fluid. This means that at sufficiently strong contractility, the membrane can undergo a finite-wavelength instability. Similar to many active polar or nematic systems [16] , the origin of this instability is the coupling between the splay deformation of the director field and the active stress generated flow.
However, the fact that the above instability occurs at wavelengths close to the thickness of the active fluid marks a significant difference from the long-wavelength instability predicted for a membrane on top of a thin active polar fluid film [14, 15] , and the active Fréedericksz transition [17] .
For extensile active fluids, we further find that the system is always unstable in the long wavelength limit due to the same coupling between director and flow field. The membrane dynamics presented in our model is valid from thin film limit, where lubrication approximation holds, to bulk limit where wavelength is small compared to the thickness of active fluid. Extension of our model to polar active fluid and systems with polymerization/depolymerization dynamics will be interesting.
This article is organized as following. In Sec. II we present our model from the geometry of the system, the elasticity of the director field and membrane, to the equations of motion and boundary conditions. Sec. III presents the membrane relaxation rates calculated from our model. Also presented and discussed are phase diagrams showing the parameter range where the system becomes unstable. In Sec. IV we compare our model with previous studies on similar systems [14, 15, 17] , and discuss possible experimental realizations. Some details on the calculation in our model and the solution in the thin film limit are reported in the Appendices.
II. MEMBRANE ON TOP OF AN ACTIVE VISCOUS FLUID
Consider an active fluid on a solid substrate, the upper surface of the active fluid is a membrane whereas the upper side of the membrane is filled with a simple fluid, as represented in Fig. 1 . In the steady state, the membrane is flat at z = l, in the presence of fluctuations the membrane position becomes z(x, y, t) = l + h(x, y, t).
FIG. 1. Schematics of the system. A simple fluid of viscosity η 1 is above the membrane, below the membrane is an active viscous fluid with viscosity η 2 and director field n. The height of the membrane is l. The dashed lines represent the director field. The angle between local director field and the xy plane is denoted as θ. A solid surface is located at the xy plane. For simplicity we consider perturbation from flat membrane state with a single wave vector qx, and the system is translationally invariant in the y-direction.
We assume that the director field of the active fluid is parallel to the membrane but otherwise isotropic. This means that the corresponding steady state nematic tensor Q ij = n i n j = 0 for all i and j except Q xx = Q yy = 1/2. Here n i is the i-th component of the unit vector n indicating the local director direction, and Q ij is the average of n i n j over a small region large compared to molecular size. This geometry mimics the situation for an artificial membrane on top of a reconstructed actin-myosin network above a solid surface.
However, it is different from the lamellipodium of a cell, in which the organization of actin filaments is polarized [18] . If we replace the membrane by an interface between the active and the passive fluids, this model can describe a fluid containing non-swimming rod-shaped active particles that follow the plane of the interface but without in-plane nematic order.
When the membrane is deformed, there is an elastic energy associated with the deformation. The elastic free energy of the membrane can be expressed as
where γ is the surface tension and κ is the bending rigidity.
Without loss of generality, we consider a perturbation on the membrane with wave vector qx, and assume translational invariance in the y-direction. Then the membrane deformation h(x, y, t) can be written as
where c.c. is the complex conjugate of h(q, t)e iqx . Let us denote the angle between the local director field of the active fluid and the x-axis by θ(z, t)e iqx + c.c., and assume that the director field relaxes much faster than other slow modes. Standard liquid crystal elastic theory [19] gives the following elastic free energy for the director field of the active fluid,
where k 1 and k 3 are the splay and the bending elastic constants. Notice that the symmetry of our system does not allow the system to acquire elastic energy against twist deformation.
Substitutingn =x cos θ+ẑ sin θ and minimize F d with respect to θ, one obtains the equation for the angle θ in the active fluid in the limit of small θ as
Let the director field on the boundaries be parallel to the membrane and the solid surface, in the limit of small membrane deformation, θ(z = l, t) = iqh(q, t) and θ(z = 0, t) = 0. Using one-constant approximation k 1 = k 3 , we obtain the following director field in the active fluid
The actomyosin network is driven away from equilibrium by several active processes.
First, actin filaments grow by recruiting free actin monomers to the plus ends of the filaments, and this is balanced by actin depolymerization in the minus ends of the filaments. Second, myosin motors utilize energy of ATP hydrolysis to exert forces to the actin filaments and surrounding solvent. They provide the cytoskeleton a contractile stress that depends on local orientation of actin filaments and myosin density. In this article, we focus on the effect of active contractility, while actin polymerization/depolymerization is neglected. Moreover, the density of actin network in the system is treated as a constant for simplicity.
The local active stress in the active fluid is given by [11] σ a ij = χQ ij ,
where χ > 0 (χ < 0) for a contractile (extensile) active fluid, andQ ij is the traceless part of the tensor Q ij . Although there is also an isotropic active stress, it does not affect the dynamics of the system because of the incompressibility condition imposed on the active fluid. In the limit of small deformation, all the components of Q ij vanish except
The dynamics of the membrane is coupled to the surrounding fluids. For z > l, there exists a passive fluid with viscosity η 1 . The dynamics of this passive fluid is described by the Stokes equation with incompressibility condition
and
where v is the flow field, p is the pressure, and f 1 is the force exerted on the fluid by the membrane [3] .
Between the membrane and the rigid surface, there exists an active fluid with viscosity η 2 . In this active fluid, actin filaments are crosslinked thanks to the reversible bonds due to various linkers. This gives the network a mechanical response that is elastic on short time scale, but viscous on long time scale. We are interested in the long time limit in which the cytoskeleton between the membrane and the rigid substrate can be modeled by the following equation
where
comes from the active stress, f u 2 and f d 2 are the forces from the membrane and the supporting substrate, respectively. Similar to the passive fluid above the membrane, we assume that the active fluid is incompressible.
In our model, the membrane is treated as a two-dimensional surface with zero thickness and the following conditions need to be satisfied at this surface. First, the flow field needs to be continuous,
Second, the shear stress is continuous across the membrane because the membrane is a two-dimensional fluid,
Finally, the discontinuity of normal stress across membrane balances with the elastic force of the membrane,
At the rigid surface z = 0, on the other hand, we assume the no-slip condition for the flow field, v(z = 0) = 0.
III. LINEARIZED HYDRODYNAMICS CLOSE TO THE STEADY STATE
With incompressibility condition, the velocity and pressure in the system can be expressed in terms of the membrane conformation and the boundary forces f 1 , f u 2 and f d 2 . These forces are further solved by imposing the boundary conditions Eqs. (12)- (15) . Time evolution of the membrane height is obtained from the kinematic boundary condition v z | z=l = ∂h/∂t.
Detailed intermediate steps of this calculation are presented in Appendix A.
The resulting equation for membrane dynamics is
is the contribution from the restoring force provided by membrane elasticity. In the above, E = η 1 /η 2 specifies the viscosity ratio of the passive fluid at z > l and the active fluid at z < l. On the other hand,
comes from the active stress associated with spatially nonuniform director field.
In the limit ql ≫ 1 the relaxation rate approaches
.
The passive contribution reduces to that for a membrane separating two bulk fluids. The active contribution is independent of q, indicating that in this limit a contractility assisted membrane relaxation is faster than a passive system. Note that at sufficiently large q (for a tensionless membrane this happens when q ≫ (χ/κ) 1/3 ), the passive contribution dominates the membrane decay rate and the membrane is basically passive.
In the limit ql ≪ 1, on the other hand, the relaxation rate is
Here the leading contributions are independent of the viscosity of the passive fluid as expected from the lubrication approximation [20] , whereas the contributions from the passive fluid (η 1 ) appear only in the next order in ql. It is worth noticing that when ql is small, active stress dominates the membrane relaxation, λ p < λ a , and the system is stable (unstable) when the active fluid is contractile, χ > 0 (extensile, χ < 0).
The stability of the membrane in the long wavelength limit predicted by our model is different from a membrane on top of a thin polar active fluid film. In the latter case, a long-wavelength instability due to the coupling between the fluctuations of the director field in the membrane plane (the xy plane in our geometry) and membrane deformation was predicted [14, 15] . This instability can be stabilized by the active force quadrupoles of the active fluid in the thin film limit [21] . In our model, such a coupling does not exist because the system does not have any in-plane polar order. In Refs. [14, 15] , a long wavelength instability associated with splay of the director field in the xz plane for a contractile active fluid is also discussed, which is again different from our prediction. To discuss this difference in details, we present the lubrication approximation of our model in Appendix B by keeping track of the order of magnitude of the sub-leading terms. There we show that a consistent expansion at ql ≪ 1 term by term leads to a stable (unstable) membrane in the long wavelength limit when the membrane is coupled to a contractile (extensile) active fluid. To see the crossover from short wavelength to long wavelength behavior, we plot in Figs. 2 and 3 the passive and active contribution to the membrane relaxation rate as functions of ql for a tensionless membrane (γ = 0) with different E. Figure 2 shows that the passive contribution increases monotonically with q due to the bending free energy density κq 4 /2.
In the limit of large ql, this part scales as q 3 l 3 as expected. In the limit of small ql, the long wavelength expansion Eq. (22) holds reasonably well as ql becomes sufficiently small. the active fluid is extensile, in the small ql limit the system is always unstable; ql > 1 there is also an finite-wavelength instability.
the short wavelength limit the system is always stable because membrane elasticity is the dominating drive of the relaxation dynamics of the system. Second, an extensile system is stable in the wavelength regime where a contractile system has a finite-wavelength instability. This is simply because λ changes sign when χ changes sign. The complete phase diagram which summarizes the above discussion of the stability of the system is shown in Fig. 5 .
IV. DISCUSSION
The instability for membrane on top of a contractile active fluid is similar to the active In regions S1 and S2, the system is stable. In region LI1 and LI2, the system has a long-wavelength instability. In region F, there is a finite wavelength instability. In region LF, there is a longwavelength instability and a finite-wavelength instability.
rate.
On the other hand, our model focuses Previous studies of thin active fluid film applied lubrication approximation to obtain the coupled dynamics of membrane fluctuations and the deformation of polar order in the membrane plane [14, 15] . Recently, it has been pointed out in Ref. [21] that the next order active force multipole can restore the stability of the system considered in Refs. [14, 15] .
Although these results are important progress in two-dimensional active nematics, their main focus was the dynamics of the director in the plane parallel to the membrane. In this aspect, the focus of these studies is not related to our model.
It is interesting to point out that in both Refs. [14, 15] , the possible long wavelength instability for director splay in the xz plane are also discussed. This is closely related to our model, but their prediction is different from our result for ql ≪ 1. To find out the origin of this difference, we present in Appendix B a small-ql expansion and show that, for a membrane on top of a contractile active fluid, the system is stable in the long wavelength limit if one consistently takes all terms of lowest order in ql into account. The finite wavelength instability predicted by our model appears only when higher order terms in small ql expansion are included. These terms depend on the viscosity of the passive fluid and are clearly beyond the regime where lubrication approximation holds. This further shows that our general theory is a good approach to study the membrane dynamics coupled to an active fluid, ranging from ql ≪ 1 to ql ≫ 1 limits.
In typical in vitro experiments, the viscosity of the passive fluid is at best as large as the viscosity of the active counterpart. Our model predicts that in these systems the membrane relaxation is faster (slower) than a passive system if the active fluid is contractile (extensile). To observe a contractility-induced finite-wavelength instability, one may add passive polymers to the passive fluid to increase E. For E ≈ 1.7 -2.0, finite wavelength instability can be observed for χl 3 /κ ≥ 10 -30.
The parameter χ has dimension of energy per unit volume, since the contractility comes from the force dipoles of the molecular motors in the active fluid, the magnitude of χ is of the order of the typical magnitude of single force dipole times the density of the motors.
For a typical biomembrane κ ≈ 20 -40 k B T [1] , and the magnitude of a typical force dipole generated by a molecular motor is around 10 k B T , the dimensionless parameter χl 3 /κ has magnitude around c 0 l 3 where c 0 is the average number density of molecular motors. Since we typically have c −1/3 0 ≪ l, it is easy for the instability to be observed.
In summary, we have studied the dynamics of a membrane above a finite-thickness active fluid beyond lubrication approximation. Our model predicts that, in the short wavelength limit (ql ≫ 1, q ≫ (χ/κ) 1/3 ), the membrane relaxation is dominated by the passive driving of membrane elasticity. For longer wavelengths, the system is affected by active stress. To obtain the membrane evolution equations (16) , (17) and (18), we first use the incompressibility condition to obtain the pressure. This is done by taking the Fourier transform of the divergence of the momentum equations (8) and (10) . The Fourier transform of the velocity field can be solved by substituting the pressure back to the Fourier transform of the momentum equations.
Next we take the inverse Fourier transform in the z-direction to obtain the pressure and flow field in terms of the boundary forces and active force. The resulting expression for the pressure in the region z > l is
and that in the region z < l is
The flow field in the region z > l is
and the flow field in the region z < l is
The boundary forces are solved by imposing the boundary conditions. From the continuity of flow field at the membrane, we have
From the no slip condition at z = 0, we have
The continuity of shear stress across the membrane leads to
and the generalized Laplace condition for the normal stress across the membrane gives − δF δh(−q, t) = 1 2 χqh(q, t) 4 sinh(ql) (1 + ql + q 2 l 2 ) sinh(ql) − (ql + q 2 l 2 ) cosh(ql) In this Appendix, we present the calculation for membrane dynamics in the limit ql ≪ 1.
To be consistent and to compare to the ql ≪ 1 limit provided by Eq. (22) , we mark the magnitude of the sub-leading terms in each step of our calculation, and only keep the leading terms. This also helps us to compare our result to the calculation based on lubrication approximation [14, 15] .
Let the typical magnitude of v x in the active fluid be U. Then the incompressibility condition gives the typical magnitude of v z in the active fluid as
In this limit, the angle of the director field is
By using ∂ 2 z ∼ 1/l 2 ≫ q 2 ∼ ∂ 2 x , the momentum equation for the active fluid can be approximated as
Here O(q 2 l 2 ) means that terms that are dropped are of order q 2 l 2 or smaller compared to the leading terms.
At z = 0, the no slip condition applies. The continuity of shear stress at z = l leads to
where O(Eql) means that the term that is dropped comes from shear stress of the passive fluid, it is of order ql compare to the leading terms. This is because the passive fluid above the membrane satisfies ∂ z v x ∼ qv x , and the continuity of flow field at z = x means that 
Next, we substitute pressure into the x-component of the momentum equation, integrate over z two times, use the continuity of shear stress at z = l and no slip condition at z = 0.
Then v x in the active fluid becomes
Note that, first, the dominant contribution from the active stress to v x comes from the active stress in the shear stress continuity condition Eq. (B5) and iχqh/(2l) term in the momentum equation (B3). The contribution from active stress term in the pressure in Eq. (B7) is of order q 2 l 2 compared to these two terms. Second, the "leading dropped term" is O(Eql), which comes from the viscous stress of the passive fluid that has been neglected in the shear stress continuity boundary condition Eq. (B5).
Finally, using the kinematic boundary condition ∂ t h = v z | z=l and incompressibility condition, we obtain the evolution equation of the membrane height in the ql ≪ 1 limit as ∂h(q, t) ∂t = v z (q, l, t) It is interesting to compare our approach with the lubrication approximation presented in
Refs. [14, 15] . Although Refs. [14, 15] considered active fluid with polar order and fluctuating active particle density, when the in-plane (xy) fluctuation of the director field and density fluctuations are neglected, their model is basically identical to our model. However, in
Refs. [14, 15] , they neglected the contribution of active stress to the shear stress at z = l. This makes the leading active term in the resulting membrane equation different from Eq. (B8). Furthermore, according to our calculation, terms of order ql or smaller compared to the leading terms can come from the passive fluid at z > l, or v z in the active fluid.
These are neglected in lubrication approximation. Therefore the sub-leading terms in the membrane dynamic equation of Refs. [14, 15] are also different from Eq. (22). Because of these differences, they predicted a long-wavelength instability of the system against director
